Abstract-In this letter, a power-control scheme for maximum sum-rate is proposed for the fading multiple access channels by considering the presence of primary users. Both the average transmit-power constraints and the peak interferencetemperature constraints are considered. The interference caused by cognitive users must be under a pre-specified threshold for protecting primary users. The power-control optimization is considered as a novel geometrical problem which investigates the relationship of positions of a line and a few points. At most two users transmit simultaneously for optimality and the corresponding conditions are provided for both cases. Based on the analysis, the optimal power control is given for each specific fading state. For lowering computational complexity, the power-control optimization problem is divided into two categories according to different tight constraints. Simulation results are provided for the optimal power-control performance.
I. INTRODUCTION
C OGNITIVE radio (CR) [1] is an emerging technology for wireless communications. Unlicensed users equipped with CR are allowed to use the unoccupied licensed spectrum. Several researchers investigated the fundamental limits of CR networks. For example, in [2] and [3] , the cognitive user can obtain and transmit the messages that the primary user would like to send. Based on these, [4] analyzes the capacity of a cognitive user who transmits simultaneously with a primary user, if the primary user can achieve the data rate just as it would in the absence of the cognitive user. [5] extends the results of [4] to multiple access channels (MAC) and proposes a heuristic scheme to achieve the maximum sumrate. Unlike the above approaches, [6] analyzes the capacity of a cognitive user under the assumption that the cognitive user cannot obtain the primary users' messages exactly, but only estimate its interference to the primary user via various fading channels. The capacity of a cognitive source-destination pair is investigated considering the average and peak interference constraints respectively. Besides these fundamental researches, some recent works focus on the capacities in more complex scenarios considering MIMO [7] and sensing error [8] .
In this letter, we consider the fading multiple access channel in CR networks with the same assumptions in [6] . Different from [6] , both the average transmit-power constraints (ATPC) and the peak interference-temperature constraint (PITC) are considered simultaneously. We transform the transmit power to the ratio of the resultant interference to the interferencetemperature limit. Based on this transformation, the optimal conditions derived by the Lagrangian duality are modeled as the relationship between points and lines in a two-dimensional space. From this geometrical model, at most two users are found to be able to transmit simultaneously for optimality. An optimal power-control scheme is proposed for maximum sumrate. The existence of the optimal solution achieved by the proposed scheme is proved from a geometrical respective. The rules are proposed for determining which users are transmitting and how much power they use. Based on these analysis, one of the multiplier can be obtained in a deterministic manner for lower complexity. This problem is divided into two categories according to different tight constraints to decrease the computational complexity further.
The rest of the letter is organized as follows. In Section II, the system model and the capacity region are presented. In Section III, the maximum sum-rate optimization problem is modeled geometrically. In Section IV, a power-control scheme is proposed based on the geometrical model. Following this, the numerical results are provided in Section V. Finally, this letter concludes with Section VI.
II. FADING MULTIPLE ACCESS CHANNELS IN COGNITIVE RADIO NETWORKS
Consider a MAC channel scenario in which cognitive users communicate with the same receiver. The information theory model is given in Fig. 1 MAC channels is characterized as
where is the transmitted waveform of user , is the fading path gain from user to the receiver, and is additive white Gaussian noise (AWGN) noise with variance 2 . We consider two types of constraints, ATPC and PITC. Each user's power is constrained by an average transmit-power limit .
In CR networks, cognitive users are not allowed to generate too large an interference for protecting primary users. Therefore, interference-temperature constraints are imposed by FCC to limit the interference under a threshold .
where is the maximum tolerable received power at the primary receiver and ℎ is the path gain from the user to the primary receiver. The PITC constraint needs to be satisfied under all possible fading conditions. The channel information can be obtained by receiving the feedback or estimate the received signal strength. For the dummy primary receivers, the interference is restricted at the edge of the service region of primary transmitters.
Define G as the path gain vector including 1 , ⋅ ⋅ ⋅ , and ℎ 1 , ⋅ ⋅ ⋅ , ℎ , P(G) is the power-control scheme for path gain G. The achievable rate region of the MAC channels is
where F is the set of power-control schemes that satisfy the constraints (2) and (3), is a set of users, ( ) is the sum rate of the users in , R is the rate vector of all users.
III. GEOMETRICAL ANALYSIS FOR MAXIMUM SUM-RATE PROBLEM
The goal of this letter is to determine each user's transmit power for all possible fading channel status so as to maximize the sum-rate under both ATPC (2) and PITC (3) constraints. Let substitutes (G) for simplicity of expression, the power-control optimization can be formulated as a nonlinear optimization problem.
.
A. Lagrangian Optimality Conditions
The optimal solution of the above problem can be achieved if and only if there exist = { 1 , ⋅ ⋅ ⋅ , } and power-control scheme P such that the power-control scheme is a solution of the optimization problem for each fading state [9] .
To achieve the optimal performance, is adjusted to let the transmit power P satisfy ATPC constraints. The Lagrangian multiplier of user is unique for all the fading states. Define as the ratio of the interference ℎ caused by user to the maximum tolerable received power at the primary receiver, 0 ≤ ≤ 1. In such a case, /ℎ can be used to represent for user . We adjust , instead of , for power control, then the constraint (11) can be rewritten as
Using the Karush-Kuhn-Tucker (KKT) condition, based on Eq. (12), the problem can be transformed to max = 1 2 log
. .
where is the Lagrangian multiplier for the constraints (11). Unlike , is determined for each fading state to ensure that interference to the primary receiver satisfies PITC constraint.
Let 2 be the unit of power, the partial derivative of Lagrangian function to is
According to optimization theory, based on different cases of optimal * , the conditions of the optimality are
User is transmitting if > 0. When 0 < * < 1, the optimal solution is achieved if ∂ /∂ | = * = 0. When * = 1, because the Lagrangian multiplier is configurable for each fading state, we can let ∂ /∂ = 0 by adjusting . Therefore, the optimal solution of transmitting users is ∂ /∂ | = * = 0 for > 0.
B. Geometrical Model
In this subsection, we propose a novel geometrical model to transform the power-control optimization problem to the position relationship problem of points and lines from a geometrical perspective.
We first rewrite the optimal condition of transmitting users in the power-control problem as an expression of a line in two-dimensional space.
where
Considering this problem from a geometrical view, each user has a corresponding point ( , ) in the twodimensional space. Define as the set of all points , ∀ . For given , the coordinates and are determinate. The problem is to determine and , which are the slope and intercept of the line = + , respectively. In such a case, the problem is transformed to a new geometrical problem on the position relationship of points ∈ and the line = + . The geometrical problem is to find a line = + by adjusting to let some of the points ∈ on the line and all the other points above the line.
If only one user transmits at a time instant, meaning that the line = + goes through ( , ) and all the other points are on the top of the line, the optimal conditions are
Because can be configured as any desired value, the line = + can always go through a point by adjusting the intercept .
If ( , ) , and all the other points are above the line, the following equations and inequations should be satisfied.
For the case when more than 2 users transmit simultaneously, the following theorem can be obtained from a geometrical view.
Theorem 1: For optimality, at most 2 users can transmit simultaneously.
Proof: Reasoning by contradiction, suppose there exist more than 2 users transmit at the same time. Assume there are 3 users 1 , 2 and 3 without loss of generality, > 0, = 1, 2, 3. Based on (12), 0 < < 1, = 1, 2, 3. For optimality, the following equations need to be satisfied according to the optimality conditions of transmitting users.
Based on (18) and (19), the coordinates ( , ) of the point are interrelated to the path gains and ℎ , which are continuous variables. A line = + in a two-dimensional space can be found with probability 0 to go through all the 3 points, which is a contradiction. Therefore, at most 2 users can transmit at the same time.
IV. OPTIMAL POWER CONTROL

A. Geometrical Method for Optimal Solution
To find a line = + such that some of the points , ∀ on the line and all the other points above the line, we can find a line tangent to the polygon whose vertices are a subset of and all the points of are inside the polygon. To guarantee all the points either on or above the line, the tangent point should be at the lower side of the polygon. From the point with minimum , according to the counter-clockwise order, the vertices of the polygon compose a sequence
, where is the number of vertices at the lower side of the polygon, as described in Fig. 2 , in which = 4.
For investigating the tangency of a line and a polygon, the slopes of the edges of the polygon are analyzed and compared with the slope of the line. Define denote a piece-wise curve composed with the slopes of the edges at the lower side of the polygon, as only the case that all points in are either on or above the line is considered.
( ) = arg tan According to the characteristics of the geometrical model, the existence and uniqueness of the optimal solution are obtained as the following theorem.
Theorem 2: A unique solution exists for the optimal power control optimization problem.
Proof: For given , because > 0, 1/(1 + ) < 1, the curve decreases with the increase of within (0, 45 ). By contrast, increases from −90 to 90 monotonously. Therefore, a unique intersection of and exists, so does the unique solution.
Consider the intersection point of and in Fig. 2 . By comparing ( ) and ( ) at all the points 1 , 2 , ⋅ ⋅ ⋅ , , the intersection point can be obtained. If the intersection of and is at the vertical part of with (Subcase 1 in Fig. 2 ), the slope of line = + at is between the slopes of line −1 and line +1 ,
so it is optimal that the user corresponding to transmits. In the other case, if it is at the horizontal part of between and +1 (Subcase 2 in Fig. 2 ), the slope of line = + at is larger than the slope of line +1 but the slope at +1 is less than it,
so it is possible to find a line = + which goes through both and +1 , and two users corresponding to and +1 should transmit at the same time.
Because there are two constraints ATPC and PITC in the problem, two Lagrangian multipliers are needed to transform this problem to another optimization problem without constraint. By the above method, the multiplier can be obtained in a deterministic manner by at most times of comparison, which decreases the computational complexity a lot compared with the classic multiplier adjustment method (i.e. steepest descent method).
B. Algorithm Description
Two possible cases are considered for this problem according to whether the PITC constraint is tight or not. A 'tight' constraint means that "=" is satisfied in the inequality constraint.
When the PITC constraint is tight (Case 1), the interference to the primary user is just . When only one user transmits, which is determined by (30) in Subcase 1, the transmit power should be /ℎ . When two users and transmit simultaneously, which is determined by (31) in Subcase 2, the optimal power-control scheme should let line = + go through both and as the geometric model. In such a case, the transmit power of user and user are /ℎ and /ℎ respectively. The parameters and can be determined by solving the following equations:
When the PITC constraint is not tight (Case 2), ATPC constraints of all users are tight, = 0 and ∕ = 0 ∀ ∈ N , which can be argued by contradiction. Suppose the PITC constraint is not tight at some time instant, and the ATPC constraint of user is also not tight for the optimal solution. At this time instant, the transmit power of user can be increased to achieve larger date rate than the optimal solution, until either the two constraints is tight, which is a contradiction. Therefore, when the PITC constraint is not tight, ATPC constraints of all users must be tight for optimality.
In Case 2, the optimality condition can be simplified as
Because the path gain is a continuous variable for all , the / of two users are not equal with probability 1. Therefore, at most one user transmit in Case 2. Rewrite the optimality conditions as
To satisfy the conditions, the optimal strategy is choosing the user with the largest / which is user for instance. The optimal transmit power restricted by ATPC can be obtained by solving
Considering that the PITC constraint is tight sometimes, the optimal transmit power is min{ ℎ * ,
< for the user with the largest / , which means that < ∀ ∈ N , then / < 1 + /ℎ is satisfied even if = 0. In this case, the channel quality is too bad to transmit for all users.
The power-control problem in both cases can be solved uniformly by comparing and at every vertices of the polygon based on the geometric model. However, the problem in Case 2 is much easier than the general case. Therefore, by classification, the computational complexity of the proposed scheme can be decreased. Using this method, only one Lagrangian multiplier needs to be adjusted, so the algorithm converges while the adjustment steps satisfy the rules provided in [13] . The pseudo codes of the proposed optimal power control is provided as Algorithm 1.
Adjust by the steepest descent method 3: if ∃ ∈ N , = 0, then 4: if the intersection point of and is at the vertical part of as (30) then 5: User transmits with power /ℎ 6: else if the intersection point of and is at the horizontal part of as (31) then 7: User and User transmit simultaneously, with the power according to (32) 8: end if 9: else 10: Choose the user * with largest / Calculate the duality gap (the difference between allocated power and ATPC) 18: until current duality gap ≤ given threshold
V. NUMERICAL RESULTS
To provide an insight into the proposed power-control scheme and the achieved capacity of fading MAC channels in CR networks, a simulator is built for CR networks. In this simulation, 1 primary receiver and 3 cognitive users are distributed randomly in a 30km×30km square area, and a 1 cognitive base station is located at the center of this area. The path gain is calculated using Free Space Propagation Model. Fading channel model A for IEEE 802.22 WRAN wireless link [14] is applied. The bandwidth of each subcarrier is 3384Hz as defined in the WRAN system model [15] . Each cognitive user can transmit with 48dBm at most. To achieve average performance, the semi-static simulation is executed for 500 topologies with random user locations. For each topology, 100 time slots are considered.
The following numerical results indicate the optimal performance achieved by the proposed power-control scheme. Fig. 3 shows the throughput with different PITC constraints by the ratio to the throughput without any PITC constraint. With large PITC constraints, the throughput in CR networks approaches the performance without considering the PITC constraint. This is because the PITC constraint is not tight for most of the time when the PITC limit is large, as shown in Fig. 4. Fig. 5 gives the percentage of the time slots which are shared by two users. We made an interesting observation: two users transmit simultaneously when the PITC constraint is moderately tight.
VI. CONCLUSION
In this letter, a geometry-based optimal power-control scheme is proposed for fading MAC channels in CR networks. The ATPC constraints and the PITC constraint are considered simultaneously. For this scheme, the properties of the power-control optimization problem are exploited by Lagrangian duality. Based on these properties, this problem is transformed to a novel geometrical problem which explores the position relationship between lines and points. At most 2 users are allowed to transmit at the same time for optimality and the corresponding conditions are provided. The optimal power-control scheme is proposed based on the geometrical model. To decrease the computational complexity, one of the Lagrangian multiplier is obtained by the deterministic method and the problem is divided into two categories according to different tight constraints. By the proposed scheme, the optimal power-control solution is demonstrated via numerical evaluation.
